Implicit Differentiation
Section 3.8
Calculus I - Lecture Notes

February 19, 2026

Motivating Question

d
How do we find d_y when we can’t solve for y?
T

Consider the circle 22 + y? = 25. We could solve for y = 4+/25 — 22, but that’s messy.
What if we could differentiate without solving for y first? That’s implicit differentiation.

1 Explicit vs. Implicit Functions

Definition 1 (Explicit vs. Implicit). Explicit function: y is expressed entirely in terms

of x.
o Ezample: y =2+ 1

Implicit function: The relationship between x and y is given by an equation, but y is
not isolated.

o Example: x? + y? = 25 (defines y implicitly)

Key insight: Many equations define y as a function of x even though we can’t (or don’t
want to) solve for y explicitly.
Example: The circle 22 + y* = 25 actually defines two functions:

y=+v25—2a% (tophalf) and y=—v25—22 (bottom half)

But we can work with the entire circle at once using implicit differentiation!



2 The Method of Implicit Differentiation

Strategy:
1. Differentiate both sides of the equation with respect to x

2. Remember: y is a function of z, so use the chain rule when differentiating terms with
)

3. Collect all terms with % on one side

4. Solve for %

d d
Key rule: %(y”) =ny" L. ﬁ (chain rule!)

2.1 First Example

d
Example 1. Find d—y if 2% + y* = 25.
x

Solution:
Step 1: Differentiate both sides with respect to x:

— =—(25
T ) = - (25)
Step 2: Apply derivative rules:
d o d 5
%(1‘ ) + %(y )=0
d
2z + 2y—y =0
dz
d d
Note: d—(yQ) =2y - d—y by the chain rule!
x x
d
Step 3: Solve for 4.
dz p
Y
2u— = -2
Yiz *
dy  «x
dr vy
dy x . . -
Important: The answer = is in terms of both x and y. This is normal for
X Yy

implicit differentiation!



2.2 Practice Problem

d
Work this out: Find d—y if 22 — g2 = 4.
a

3 More Complex Examples

d
Example 2. Find d_y if ¥¥siny +y = 4x + 3.
x
Solution:

Differentiate both sides:

d d
%(:ﬁ?’ siny +y) = %(456 +3)

Left side (use product rule on x3siny):

d d d
%(x?’) -siny + 2° - %(siny) + % =4
For L (siny), use chain rul
or —(siny), use chain rule:
d;L' y )
d d
3% siny + 2° cosy - d + & _y
de  dx
d
Collect i terms on left:
dx
d d
x3cosy~—y + U 4 — 3a%siny
de dx
Factor:
@(ajg cosy + 1) =4 — 3% siny
dx
Solve:

dy 44— 3z2siny
de  a3cosy+ 1
d
Example 3. Find d—y if y3 + 23 — 3zy = 0 (folium of Descartes).
T

Solution:
Differentiate both sides:



Apply rules (product rule for 3zy):

d d
322 132 — (3y+3:22) =0
dx dx
Simplify:
dy dy
3y == +32° — 3y — 3v-= =0
Y dx +oT 4 xdw
dy
Collect == terms:
dx p p
Y Y 2
3y == —3r-> =3y — 3
y dx xd:v Y .
Factor: J
%(3y2 — 32) = 3y — 327
Solve:

dy 3y—3z* y-—a?

dr 32 -3z 12—z

3.1 Practice Problem

d
Work this out: Find d_y if 622 + 3y% = 12.
x

d
Example 4. Find d_y if B’y =y —T.
T

Solution:
Differentiate both sides:

Lty = Ly

dx
Left side needs product rule:
d o o dy dy
d:r(x Jyte dr  dr
dy _ dy
2 22 =<2
Ty dr  dx
d
Collect 2. terms on left:
dx i i
20Y Y
= ——===2
dr dz wy
Factor: P
Y, 2
—(z*—=1)=-2
7 ) Ty



Solve:
dy  —2xy

dr 22 —1

d
Example 5. Find d_y if tan(zy) = y.
x

Solution:
Differentiate both sides:

d dy
@[tan(xy)] = Ir
Left side needs chain rule. Let u = xy:
d d
sec?(ay) - —(ey) = o

For —(xy), use product rule:
dz

dy dy
2 . + — = —_——
sec”(wy) (y ¢ dw) dz

Fxpand:
dy _ dy

ysec’(xy) + SeCQ(xy)% =

Collect Z—y terms:

x

a:secQ(:cy);i—z — Z—z = —ysec’(zy)
Factor:

dy 2 2

%[:r sec”(zy) — 1] = —ysec”(zy)
Solve:

dy  —ysec®(zy)
dr  wsec(zy) — 1
ody o 2 _
Example 6. Find . if xy* + sin(my) — 22* = 10.
x

Solution:
Differentiate both sides:

L)+ lsin(ry)] - - (2%) =0

Product rule on xy?, chain rule on sin(ry):

dy dy
2 ) )
(y +x 2ydx) + cos(my) de dr =0



Simplify:
d d
v+ 2:1:yd—3j + ﬂCOS(ﬂy)% —4x=0
dy
Collect == terms:
dx p p
nyd—z_ + Wcos(ﬂy)d—i_ = 4z — y?
Factor:
é[?xy + mcos(my)] = 4z — ¢?
Solve:
dy 4o —y?

dr  2xy + 7 cos(my)

4 Finding Tangent Lines

Implicit differentiation is especially useful for finding tangent lines to curves.

Example 7. Find the equation of the tangent line to 2% + y* = 25 at (3, —4).

Solution: p
From our first example, we know &z
dx Y
At (3,—4):
dy 3 3

Using point-slope form with point (3,—4) and slope %:

v (=" -3)
9

4=2p_ 2

Y+ x 1
_3._2%
Yy=4" "7

Example 8. Find the tangent line to y* + 2° — 3zy = 0 at (%, %)

Solution: )
From earlier, @ = u
der y?>—x
At (3.3):
3o _3-t_ -3
TANE R



4.1 Practice Problem

Work this out: Find the tangent line to the hyperbola z? — y? = 16 at the point (5, 3).

5 Second Derivatives

We can find second derivatives implicitly too!

d2
Example 9. Find d—z if 2%+ y? = 25.
x

Solution:

d
We already know A
dx Y
Differentiate both sides again (use quotient rule):

Py _d (@
de?  dx Yy

(1)(y) — (x) g

— dx
Y2
d
_ Yoy
Y2
d
Substitute Y —f:
dx Y
ey v ()
dz? Y2
$2
_ vty
Y2
B W2 + a2
S "
Since z* + y* = 25:
?y 25
dr2 Y3

6 Applications

Example 10 (Video Game Problem). A rocket travels in an elliptical orbit: 4x°+25y* = 100.
It fires a missile along a tangent line when at (3 8

,5). Where does the missile hit the x-axis?
7



Solutczéon:
Find &Y by differentiating:

dx
8x+50y@20
dx
dy 8z 4z
dr 50y 25y
At (3,8):

angeﬂt line: y - 8 = 9_%(55 —3) )
Simplify: y = —Sx+ &5 + 2= -S04+ 2
Wheny=0: 0=—22+3 sox =2
The missile hits at %, 0),

7 Summary

Implicit Differentiation Steps:

1. Differentiate both sides with respect to x

d dy
2. Use chai le: —(y") = ny" ==
se chain rule: — (y") = ny 7

d d
3. Use product rule when needed: —(zy) =y + %Y
dz dz

4. Collect all % terms on one side
T

d
5. Factor out Y
dx

6. Solve for @
dx

Key points:
e The answer will usually involve both x and y
e Treat y as a function of z (use chain rule!)

e Can be used to find tangent lines to curves that aren’t functions

d
e Can find second derivatives by differentiating d—y again

Common terms:
d dy
i %(y) =z






